Abstract. Let a and b be positive, relatively prime integers. We show that the following are equivalent: (i) d is a dead end in the (symmetric) Cayley graph of Z with respect to a and b, (ii) d is a Frobenius value with respect to a and b (it cannot be written as a non-negative or non-positive integer linear combination of a and b), and d is maximal (in the Cayley graph) with respect to this property. In addition, for given integers a and b, we explicitly describe all such elements in Z. Finally, we show that Z has only finitely many dead ends with respect to any finite symmetric generating set. In the appendix we show that every finitely generated group has a generating set with respect to which dead ends exist.
Introduction
We first describe the variant of Frobenius Problem that is in our interest.
Definition 1 (Frobenius values)
. Let S be a set of positive integers, whose greatest common divisor is 1. An integer n is termed positively generated with respect to S if it is a non-negative integer linear combination of the elements in S, negatively generated if it is a non-positive integer linear combination of the elements in S, and is termed Frobenuis value (with respect to S) otherwise.
It is known that for any set S of positive integers with greatest common divisor 1, there exist only finitely many Frobenius values. Frobenius Problem (also known as linear Diophantine problem of Frobenius) asks to find the largest Frobenius value for a given S. The largest Frobenius value is called the Frobenius number of S. It is known that, for S = {a, b}, where a > b > 1 are relatively prime, the Frobenius number is (a − 1)(b − 1) − 1. No explicit formula exists when S consists of at least three distinct numbers. On the positive side, upper bounds exist (see [BDR02] and [FR] for some estimates and further references) as do polynomial time algorithms determining the Frobenius number for sets S of fixed size [Kan92] .
While Frobenius Problem has a long history, the notion of a dead end is fairly recent. It appears explicitly in the work of Bogopol ′ skiȋ [Bog97] , who shows that for a given hyperbolic group with a given finite generating set, there exists a uniform bound on the depth of the dead ends in the group. Various results regarding dead ends in Thompson's group F , lamplighter groups, solvable groups, finitely presented groups, residually finite groups, etc., appear in the works of Cleary, Guba, Riley, Taback and Warshall [CT04, CT05, Gub05, CR06, RW05, War06a, War06b] .
Definition 2 (Word length). Let G be a group generated by a finite set S. For an element g in G, define the word length (or simply length) of g with respect to S, denoted ℓ S (g) (or simply ℓ(g) when S is assumed), to be the shortest length of a group word over S representing g, i.e.,
Definition 3 (Cayley graph). Let G be a group generated by a finite set S. The (symmetric) Cayley graph of G with respect to S is the graph Γ(G, S) whose vertices are the elements of G and in which two vertices g and h are connected by an edge if and only if g = hs, for some s in S ∪ S −1 .
Example 1. The Cayley graph of Z with respect to S = {3, 5} is given in Figure 1 . It is clear that, for an element g in G the combinatorial distance d S (1, g) between 1 and g in the Cayley graph Γ(G, S) is precisely the word length ℓ S (g) of g with respect to S. The elements of length n in G with respect to S are precisely the elements on the sphere Σ(n) of radius n in Γ(G, S).
Definition 4 (Dead end). Let G be a group generated by a finite set S. A dead end in G with respect to S is an element d in G such that
In the Cayley graph, a dead end is a vertex for which a geodesic path from 1 to d cannot be further extended to a longer geodesic. In other words, a dead end of length n is a vertex in the sphere Σ(n) of radius n from which the sphere Σ(n + 1) of radius n + 1 cannot be reached in one step.
Example 2. The Cayley graph Γ(Z, S), for S = {3, 5}, is presented in Figure 2 in such a way that the length od each element is apparent from the figure (it corresponds to the level at which it is drawn).
It is clear that ±4 are the only dead end elements in Γ(Z, S). Note that the Frobenius values with respect to S are ±1, ±2, ±4, ±7 (indicated by ⋄ in the Cayley graph). While 7 is the largest Frobenous value, i.e., the Frobenious number for S, it is clear that ±4 also play a special role among Frobenius values.
The Cayley graph Γ(G, S) induces a partial order on G. Namely, g ≤ h if there exists a geodesic in Γ(G, S) from 1 to h that passes through g. Call this order on G the Cayley order (with respect to S).
We are specifically interested in the relation between Frobenius values and dead ends in Z. Of course, when S = {1} neither Frobenius values nor dead ends exist. In the case when S consists of 2 elements we completely describe the connection.
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For an integer d, the following are equivalent: (i) d is a dead end with respect to S (ii) d is a maximal (in the Cayley order) Frobenius value with respect to S.
The question of existence of dead ends in Z is touched upon in [RW05] , where Riley and Warshall show that, m is a dead end with respect to both {2m, 2m + 1} and {2m − 1, 2m} (with the exception of m = 1 in the latter case). We explicitly describe all dead ends in Z, for any generating set S on two elements. 
(ii) if a + b is odd, then there are exactly 2(b − 1) dead ends, none of them is strict, they all have length (a + b − 1)/2, and they are given by
There are many examples of groups that have infinitely many dead ends with respect to some generating sets. Such examples can be found in [CT04] (Thompson's group F ), [CT05] (lamplighter), [CR06, RW05] (some finitely presented examples), [War06b] (some lattices in N il and Sol, namely the discrete Heisenberg group and any extension of Z 2 by a hyperbolic automorphism). We show that, on the contrary, Z can only have finitely many dead ends.
Recall that, for a dead end d of length n, the depth of d is its distance to the sphere Σ(n + 1) decreased by 1 (some authors prefer not to subtract 1 here, but this hardly matters). Note that the fact that Z can only have finitely many dead ends does not follow from the fact that the maximal depth of a dead end is uniformly bounded in hyperbolic groups [Bog97] . After all, there are groups that have infinitely many dead ends even though their depth is uniformly bounded, such as Thompson's group F with respect to its standard 2-generator set [CT04] .
Theorem 3. Let S be a finite generating set of Z. There exists only finitely many dead ends in Z with respect to S.
In the appendix we address the existence of dead ends in arbitrary groups (see Theorem 4 and Proposition 1).
Proofs

Proof of Theorem 1, (ii) implies (i).
Assume that m is a maximal Frobenius value. Without loss of generality, assume that m = αa + (−β)b, with α, β > 0, and ℓ(m) = α + β (note that neither α nor β can be 0, since m is a Frobenius value).
The length of m − a = (α − 1)a + (−β)b is α + β − 1, as is the length of
and since m is a Frobenuis value, either α ′ > 0 and β ′ + 1 < 0, or α ′ < 0 and β ′ + 1 > 0. In the former case
and in the latter 
Proof. For a fixed positive integer c consider all solutions to the equation c = xa+yb. If x 0 and y 0 represent a particular solution then all other solutions are given by
for integer values of t. The length of c with respect to S is the minimal value of the function f c (t) = |x 0 + bt| + |y 0 − at|, at an integer value of t. We have
and the graph of f c (t) is given in Figure 3 (full line). Figure 3 . Graphs of the functions f c (t) and f c+a (t)
Since the function f c (t) is decreasing for values of t smaller than y 0 /a, achieves its minimum at y 0 /a and is increasing for values of t greater than y 0 /a, the lenght of c is obtained either at the integer ℓ = ⌊y 0 /a⌋ that is closest to y 0 /a to the left of y 0 /a or the integer r = ⌈y 0 /a⌉ that is closest to y 0 /a to the right of y 0 /a.
Consider the function f c+a (t) that determines the length of c + a. We have c + a = a(x 0 + 1) + by 0 and the graph of the function f c+a (t) is given in Figure 3 If d is a negative dead end, then d is just negative of some positive dead end. However, Condition (1) and Condition (2) are obtained from each other by sign reversal in x 0 and y 0 . This means that one of the two conditions must be satisfied for negative dead ends as well. Further, we have
Prof of Theorem 1, (i) implies (ii)
Combining (3) and (4) we see that we must have equality in exactly one of the two inequalities. The parity of a + b uniquely determines which of the two inequalities must be equality. Let a + b be even (meaning that both a and b are odd). Then we must have
and therefore β = a+b 2 − α. As α ranges over the integers in the interval (0, b), we have 0 < a−b 2 < β < a+b 2 < a, which means that the corresponding β is always in the desired interval (0, a). The value of d in terms of α is
and its length is α + β = a+b 2 . Since α and β satisfy the range Condition (1) and both inequalities (3) and (4) are satisfied, we found exactly b − 1 dead ends (one for each value of α in (0, b) 
Thus all these dead ends are strict.
Let a + b be odd. Then we must have
and therefore β = To find all dead ends, we must include the opposites of the dead ends that were already determined.
In the case when a + b is even,
for 0 < α < b, which means that we already have all dead ends. When a + b is odd, all dead ends are given by
No two of these numbers are equal, so there are 2(b − 1) dead ends in this case. Moreover, for 0 < α < β,
which shows that each dead end has another dead end as a neighbor in the Cayley graph, which then means that none od them is a strict dead end (since they all have the same length).
Proof of Theorem 3. Without loss of generality, let
and let the length ℓ(c) of c with respect to S be given by
We claim that |x i | < a, for i = 2, . . . , k. Indeed, assume x i ≥ a, for some i = 2, . . . , k. Then we have
which implies that
a contradiction. Thus we must have x i < a, for i = 2, . . . , k. A symmetric argument shows that −a < x i , for i = 2, . . . , k.
We show that if c > (a − 1)b, where b = b 2 + · · · + b k , then x 1 must be positive. Indeed, if x 1 is not positive then
Thus, by contraposition, if c is large enough x 1 must be positive.
We show that if c > (a − 1)b then c cannot be a dead end. Indeed, in that case c + a is also large enough, so that if c + a = x
which shows that c is not a dead end.
Thus there are only finitely many positive dead ends and, by symmetry, there are only finitely many dead ends in Z.
Appendix: all groups have dead ends
Warshall showed [War06a] that if G is a finitely generated group with infinitely many finite homomorphic images, then for every n, G has a finite generating set with respect to which G has dead ends of depth at least n.
We show that, surprisingly, if one is only interested in existence of dead ends, no conditions on the group are needed (for applications involving just the existence of dead ends see [Bar06] ).
Theorem 4. Every infinite, finitely generated group G has a finite generating set S with respect to which G has dead ends.
If G is generated by m elements, the size of S can be chosen to be no greater than 4m + 2.
Proof. Let G have an element a of order at least 5 (including the possibility of infinite order). Let S ′′ be any generating set for G and let S ′ be the set obtained from S ′′ by removing any generators that happen to be in a . For every
and let
It is clear that S is a generating set for G (of size at most 4|S ′′ | + 2). We claim that a is a dead end of length 2 with respect to S.
Since a = a 3 a −2 the length of a is no greater than 2. On the other hand, a is not equal to any of the generators in S or their inverses (this is because the order of a is at least 5 and b ∈ a ). Thus a has length 2.
We have
a · a 3 = a 2 · a a · (aba −1 ) −1 = a 2 · (ab) −1 , which shows that no neighbor of a in the Cayley graph of G with respect to S has length higher than 2. Therefore a is a dead end of length 2. Let G have an element a of order 4. Define S ′ as before. Then a 2 is a dead end of length 2 with respect to the generating set S defined by
Finally, if G has no elements of order 4 or higher, then G is a finitely generated group of exponent 6. Since the free Burnside group B(m, 6) is finite [Hal58] , this means that G is finite, contradicting the assumption that G is infinite.
The statement in Theorem 4 is concerned only with infinite groups since finite groups always have dead ends. However, for completeness, we observe that dead ends of length 2 can be achieved in all groups in which length 2 can be achieved (thus all groups but the trivial and the cyclic groups on 2 and 3 elements).
Proposition 1. Every finitely generated group G that has at least 4 elements has a finite generating set S with respect to which G has a dead end of length 2.
Proof. The proof of Theorem 4 applies unless G is a finite group of exponent 6 that has no elements of order 4 or higher. In that case, let a be any nontrivial element of G. Since a has order 2 or 3 and |G| ≥ 4 the set {1, a, a −1 } is a proper subgroup of G. The set S = G − {1, a, a −1 } is then a generating set for G (since the complement of a proper subgroup always generates the group). The elements a and a −1 are dead ends of length 2 with respect to S.
